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Abstract 

We survey the geometry of Lagrange and Finsler spaces and discuss 
the issues related to the definition of curvature of nonholonomic man- 
ifolds enabled with nonlinear connection structure. It is proved that 
any commutative Riemannian geometry (in general, any Riemann- 
Cartan space) defined by a generic off-diagonal metric structure (with 
an additional affine connection possessing nontrivial torsion) is equiv- 
alent to a generalized Lagrange, or Finsler, geometry modeled on non- 
holonomic manifolds. This results in the problem of constructing non- 
commutative geometries with local anisotropy, in particular, related to 
geometrization of classical and quantum mechanical and field theories, 
even if we restrict our considerations only to commutative and non- 
commutative Riemannian spaces. We elaborate a geometric approach 
to the Clifford modules adapted to nonlinear connections, to the the- 
ory of spinors and the Dirac operators on nonholonomic spaces and 
consider possible generalizations to noncommutative geometry. We 
argue that any commutative Riemann-Finsler geometry and general- 
izations my be derived from noncommutative geometry by applying 
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certain methods elaborated for Riemannian spaces but extended to 
nonholonomic frame transforms and manifolds provided with nonlin- 
ear connection structure. 
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1 Introduction 

The goal of this work is to provide a better understanding of the relationship 
between the theory of nonholonomic manifolds with associated nonlinear con- 
nection structure, locally anisotropic spin configurations and Dirac operators 
on such manifolds and noncommutative Riemann-Finsler and Lagrange ge- 
ometry. The latter approach is based on geometrical modelling of mechanical 
and classical field theories (defined, for simplicity, by regular Lagrangians in 
analytic mechanics and Finsler like anisotropic structures) and gravitational, 
gauge and spinor field interactions in low energy limits of string theory. This 
allows to apply the Serre-Swan theorem and think of vector bundles as pro- 
jective modules, which, for our purposes, are provided with nonlinear con- 
nection (in brief, N-connection) structure and can be defined as a noninte- 
grabele (nonholonomic) distribution into conventional horizontal and vertical 
submodules. We relay on the theory of Clifford and spinor structures adapted 
to N-connections which results in locally anisotropic (Finsler like, or more 
general ones defined by more general nonholonomic frame structures) Dirac 
operators. In the former item, it is the machinery of noncommutative geom- 
etry to derive distance formulas and to consider noncommutative extensions 
of Riemann-Finsler and Lagrange geometry and related off-diagonal metrics 
in gravity theories. 

In |76J it was proposed that an equivalent reformulation of the general 
relativity theory as a gauge model with nonlinear realizations of the affine, 
Poincare and/or de Sitter groups allows a standard extension of gravity the- 
ories in the language of noncommutative gauge fields. The approach was 
developed in [ZZ] as an attempt to generalize the A. Connes' noncommu- 
tative geometry ^\ to spaces with generic local anisotropy. The nonlinear 
connection formalism was elaborated for projective module spaces and the 
Dirac operator associated to metrics in Finsler geometry and some general- 
izations inn IZ2] (such as Sasaki type lifts of metrics to the tangent bundles 
and vector bundle analogs) were considered as certain examples of noncom- 
mutative Finsler geometry. The constructions were synthesized and revised 
in connection to ideas about appearance of both noncommutative and Finsler 
geometry in string theory with nonvanishing B-field and/or anholonomic (su- 
per) frame structures UHl 12 HI ESI EHl HOI HH] and in supergravity and 
gauge gravity [HI EOl EHl IHOl l22j- In particular, one has considered hidden 
noncommutative and Finsler like structures in general relativity and extra 
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dimension gravity [121 IH3 El EB El • 

In this work, we confine ourselves to the classical aspects of Lagrange- 
Finsler geometry (sprais, nonlinear connections, metric and linear connection 
structures and almost complex structure derived from from a Lagrange or 
Finsler fundamental form) in order to generalize the doctrine of the " spectral 
action" and the theory of distance in noncommutative geometry which is an 
extension of the previous results [17]. For a complete information on modern 
noncommutative geometry and physics, we refer the reader to [23 IHl 
EHl 1201 IHHj, see a historical sketch in Ref. P5 ^^^^ the aspects related 
to quantum group theory |13 EHl IS21 (here we note that the first quantum 
group Finsler structure was considered in [HI])- The theory of Dirac operators 
and related Clifford analysis is a subject of various investigations in modern 
mathematics and mathematical physics |lHlliniEniinill2ni[IIllI2IIllI3 
EZl in] (see also a relation to Finsler geometry [HI] and an off-diagonal " non" 
Kaluza-Klein compactified ansatz, but without N-connection counstructions 
|13j). ^ For an exposition spelling out all the details of proofs and important 
concepts preliminary undertaken on the subjects elaborated in our works, we 
refer to proofs and quotations in Refs. |SaiSIllHniE3IHaiZZllZHll2aE3i3 

This paper consists of two heterogeneous parts: 

The first (commutative) contains an overview of the Lagrange and Finsler 
geometry and the off-diagonal metric and nonholonomic frame geometry in 
gravity theories. In Section 2, we formulate the N-connection geometry 
for arbitrary manifolds with tangent bundles admitting splitting into con- 
ventional horizontal and vertical subspaces. We illustrate how regular La- 
grangians induce natural semispray, N-connection, metric and almost com- 
plex structures on tangent bundles and discuss the relation between Lagrange 
and Finsler geometry and theirs generalizations. We formulate six most im- 
portant Results I2.1H2.6I demonstrating that the geometrization of Lagrange 
mechanics and the geometric models in gravity theories with generic off- 
diagonal metrics and nonholonomic frame structures are rigorously described 
by certain generalized Finsler geometries, which can be modeled equivalently 
both on Riemannian manifold and Riemann-Cartan nonholonomic mani- 
folds. This give rise to the Conclusion 12.11 stating that a rigorous geometric 
study of nonholonmic frame and related metric, linear connection and spin 
structures in both commutative and noncommutative Riemann geometries re- 
quests the elaboration of noncommutative Lagrange-Finsler geometry. Then, 
in Section 3, we consider the theory of linear connections on N-anholonomic 

^The theory of N-connections should not be confused with nonUnear gauge theories 
and nonhncar relaizations of gauge groups. 
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manifolds (i. e. on manifolds with nonholonomic structure defined by N- 
connections). We construct in explicit form the curvature tensor of such 
spaces and define the Einstein equations for N-adapted linear connection 
and metric structures. 

The second (noncommutative) part starts with Section 4 where we define 
noncommutative N-anholonomic spaces. We consider the example of non- 
commutative gauge theories adapted to the N-connection structure. Section 
5 is devoted to the geometry of nonholonomic Clifford-Lagrange structures. 
We define the Clifford-Lagrange modules and Clifford N-anholonomic bun- 
dles being induced by the Lagrange quadratic form and adapted to the cor- 
responding N-connection. Then we prove the Main Result 1, of this work, 
( Theorem 15. stating that any regular Lagrangian and/or N-connection 
structure define naturally the fundamental geometric objects and structures 
(such as the Clifford-Lagrange module and Clifford d-modules, the Lagrange 
spin structure and d-spinors) for the corresponding Lagrange spin manifold 
and/or N-anholonomic spinor (d-spinor) manifold. We conclude that the 
Lagrange mechanics and off-diagonal gravitational interactions (in general, 
with nontrivial torsion and nonholonomic constraints) can be adequately ge- 
ometrized as certain Lagrange spin (N-anholonomic) manifolds. 

In Section 6, we link up the theory of Dirac operators to nonholonomic 
structures and spectral triples. We prove that there is a canonical spin d- 
connection on the N-anholonomic manifolds generalizing that induced by the 
Levi-Civita to the naturally ones induced by regular Lagrangians and off- 
diagonal metrics. We define the Dirac d-operator and the Dirac-Lagrange 
operator and formulate the Main Result 2 (Theorem Ifi.lll arguing that 
such N-adapted operators can be induced canonically by almost Hermitian 
spin operators. The concept of distinguished spin triple is introduced in 
oder to adapt the constructions to the N-connection structure. Finally, the 
Main Result 3, Theorem 16.11 is devoted to the definition, main proper- 
ties and computation of distance in noncommutative spaces defined by N- 
anholonomic spin varieties. In these lecture notes, we only sketch in brief 
the ideas of proofs of the Main Results: the details will be published in our 
further works. 

2 Lagrange— Finsler Geometry and Nonholo- 
nomic Manifolds 

This section presents some basic facts from the geometry of nonholonomic 
manifolds provided with nonlinear connection structure [HHl lEHl 1^ QHl IHEl 
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inn] ■ The constructions and methods are inspired from the Lagrange-Finsler 
geometry and generahzations EZlliniElEniElEliniEZllZIllZ3llEHlini 

and gravity models on metric-affine spaces provided with generic off-diagonal 
metric, nonholonomic frame and affine connection structures |74| IH7| ESI 1^ 
lEHllMl (such spaces, in general, possess nontrivial torsion and nonmetricity) . 

2.1 Preliminaries: Lagrange-Finsler metrics 

Let us consider a nondegenerate bilinear symmetric form q{u,v) on a n- 
dimensional real vector space V"'. With respect to a basis {cj}"^^ for V"', we 
express 

q{u, v) = QijuV 

for any vectors u = u^Ci, v = v^Ci G V"" and qij being a nodegenerate sym- 
metric matrix (the Einstein's convention on summing on repeating indices is 
adopted). This gives rise to the Euclidean inner product 

if Qij is positive definite, and to the Euclidean norm 

I ■ I = ^JqE{u,u) 

defining an Euclidean space (V", | ■ |). Every Euclidean space is linearly iso- 
metric to the standard Euclidean space K" = (i?"", | ■ |) if Qij = diag[l, 1, 1] 
with standard Euclidean norm, \ y \ = \/Ym=i U ~ (u^) ^ 

where i?" denotes the n-dimensional canonical real vector space. 

There are also different types of quadratic forms/norms then the Eu- 
clidean one: 

Definition 2.1 A Lagrange fundamental form qL{u,v) on vector space V"' 
is defined by a Lagrange functional L : I^*^ — > IR, with 

1 92 

(lL(y){u,v) = --^[L{y + su + tu\^,^^ (1) 

which is a C°° -function on l^"\{0} and nondegenerate for any nonzero vector 
y e V"- and real parameters s and t. 

Having taken a basis {cj}"^^ for V", we transform L = L{y^ei) in a function 
of {y') e i?". 

The Lagrange norm is | ■ |^ = ^/qjju^u). 
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Definition 2.2 A Minkowski space is a pair {V^, F) where the Minkowski 
functional F is a positively homogeneous of degree two Lagrange functional 
with the fundamental form (QJj defined for L = F^ satisfying F{Xy) = XF{y) 
for any A > and y G V". 



The Minkowski norm is defined by | ■ |^ = a/ qpiu, u). 

Definition 2.3 The Lagrange (or Minkowski) metric fundamental function 
is defined 

(or 

1 d'^F^ 
= 2 W^'^ 

Remark 2.1 If L is a Lagrange functional on (it could be also any func- 
tional of class C°°) with local coordinates {y'^,y^, ...,y"'), it also defines a 
singular Minkowski functional 

ny) = [y'Hy^,,..-,'^)r (4) 

which is of class C°°) on K^'-\{y^ = 0}. 

Tlie Remark 12.11 states that the Lagrange functionals are not essentially 
more general than the Minkowski functionals |94]. Nevertheless, we must 
introduce more general functionals if we extend our considerations in rela- 
tivistic optics, string models of gravity and the theory of locally anisotropic 
stochastic and/or kinetic processes [HZl EH EZl ESI EH EH] • 

Let us consider a base manifold M, dimM = n, and its tangent bundle 
(TM, TT, M) with natural surjective projection tt : TM M. From now on, 
aQmanifolds and geometric objects are supposed to be of class C°°. We write 
TM = TM\{0} where {0} means the null section of the map vr. 

A different iable Lagrangian L{x,y) is defined by a map L : {x,y) G 
TM L{x,y) G IR of class C°° on TM and continous on the null section 
: M — ^ TM of TT. For any point x G M, the restriction = L\t^m is a 
Lagrange functional on T^M (see Definition 12.11) . For simplicity, in this work 
we shall consider only regular Lagrangians with nondegenerated Hessians, 

iL) ( N ld'^L{x,y) 
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when rank \gij\ = n on TM, which is a Lagrange fundamental quadratic 
form (j2|) on T^M. In our further considerations, we shall write M(^l) if would 
be necessary to emphasize that the manifold M is provided in any its points 
with a quadratic form (jH)). 

Definition 2.4 A Lagrange space is a pair L"- = [M, L{x,y)] with the metric 
form ^^^gij{x,y) being of constant signature overTM. 

Definition 2.5 A Finsler space is a pair = [M, where F\x{y) 

defines a Minkowski space with metric fundamental function of type 

The notion of Lagrange space was introduced by J. Kern |37] and elabo- 
rated in details by the R. Miron's school on Finsler and Lagrange geometry, 
see Refs. jSHl ISZ|, as a natural extension of Finsler geometry [211 UHl IHH IHl 
ESI El 111 Elj (see also Refs.j^ESj, on Lagrange-Finsler supergeometry, and 
Refs. |Zni EZl HE] , on some examples of noncommutative locally anisotropic 
gravity and string theory). 



2.2 Nonlinear connection geometry 

We consider two important examples when the nonlinear connection (in brief, 
N-connection) is naturally defined in Lagrange mechanics and in gravity 
theories with generic off-diagonal metrics and nonholonomic frames. 



2.2.1 Geometrization of mechanics: some important results 

The Lagrange mechanics was geometrized by using methods of Finsler geom- 
etry \f){\\ IH7j on tangent bundles enabled with a corresponding nonholonomic 
structure (nonintegrable distribution) defining a canonical N-connection.^ 
By straightforward calculations, one proved the results: 

Result 2.1 The Euler-Lagrange equations 

d_ (dL\ _ ^ _ . 



^We cite a recent review j41j on alternative approaches to geometric mechanics and 
geometry of classical fields related to investigation of the geometric properties of Euler- 
Lagrange equations for various type of nonholonomic, singular or higher order systems. 
In the approach developed by R. Miron's school 15 71 158| . the nonlinear connection 
and fundamental geometric structures are derived in general form from the Lagrangian 
and/or Hamiltonian: the basic geometric constructions are not related to the particular 
properties of certain systems of partial differential equations, symmetries and constraints 
of mechanical and field models. 
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where = ^ for a;*(r) depending on parameter r, are equivalent to the 
"nonlinear" geodesic equations 

^J + 2G-(.',^^)^0 (7) 

where 

with ^^^g^^ being inverse to 

Result 2.2 The coefficients G^{x,y) from ^ define the solutions of both 
type of equations ^ and ^ as paths of the canonical semispray 

■ d d 
S = y'— -2G\x,y) — 
^ dx' ^ dy' 

and a canonical N-connection structure on TM, 

^ dy^ 

induced by the fundamental Lagrange function L{x,y) (see Section on 
exact definitions and main properties) . 

Result 2.3 The coefficients ^^^Nj defined by a Lagrange (Finsler) funda- 
mental function induce a global splitting on TTM, a Whitney sum, 

TTM = HTM © vTM 

as a nonintegrable distribution (nonholonomic, or equivalently, anholonomic 
structure) into horizontal (h) and vertical (v) subspaces parametrized locally 
by frames (vielbeins) e^ = (ej,ea), where 

and the dual frames (coframes) = (i?*,-;?"), where 

= dx' and r = dy" + N^{u)dx\ (11) 

The vielbeins (fTUj) and (fTT|) are called N-adapted (co) frames. We omitted 
the label (L) and used vertical indices a,b,c, ... for the N-connection coeffi- 
cients in order to be able to use the formulas for arbitrary N-connections). 
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We also note that we shall use 'boldfaced' symbols for the geometric objects 
and spaces adapted/ enabled to N-connection structure. For instance, we 
shall write in brief e = (e, *e) and = (^9, respectively, for 

e. = (e„ *ek) = (e„ e,) and ^ = ''^') = {^\r). 

The vielbeins ()10|) satisfy the nonholonomy relations 

[e^, e^] = e^^e^ - e^e^ = W'J^e^ (12) 

with (antisymmetric) nontrivial anholonomy coefficients Wj'^ = daN^ and 
Wj-i = where 



dm ONf ,dNf .dm 

U U «J Q^l I Qyb 3 Qyh y > 



In order to preserve a relation with our previous denotations [ZH IHSl IZH] , 

we note that = (ej,ea) and 'd^ = (■(?*, ■(?") are, respectively, the former 
6i, = = {Si, da) and 5^ = Su^^ = {dx\5y°') which emphasize that the 

operators (fTUj) and (fTTj) define, correspondingly, certain 'N-elongated' partial 
derivatives and differentials which are more convenient for calculations on 
spaces provided with nonholonomic structure. 

Result 2.4 On TM, there is a canonical metric structure *^^)g = [g, *g], 

(^)g = (^^gi^{x,y) ® + (^^^ij(x,i/) ® ''d^ (14) 
constructed as a Sasaki type lift from M.^ 

We note that a complete geometrical model of Lagrange mechanics or a well 
defined Finsler geometry can be elaborated only by additional assumptions 
about a linear connection structure, which can be adapted, or not, to a 
defined N-connection (see Section EH}. 

Result 2.5 The canonical N-connection |^ induces naturally an almost 
complex structure F : x(TM) — > x(TM), where x denotes the module of 
vector fields on TM, 



F(e,) = *e,- and F( *e,) = -e 
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^In Refs. 1^ EHl, it was suggested to use lifts with h- and v-components of type 
^^•'g = (<?ij)ffij"a/ II V II) where a ~ const and || y \\= gijU^y-' in order to elaborate 
more physical extensions of the general relativity to the tangent bundles of manifolds. In 
another turn, such modifications are not necessary if we model Lagrange-Finsler structures 
by exact solutions with generic off-diagonal metrics in Einstein and/or gravity |74[I87[I^ 
1811 1881 IH^ I75j . For simplicity, in this work, we consider only lifts of metrics of type 114|l . 
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when 

F= *ei®^'-ei® (15) 

satisfies the condition FJ F = —I, i. e. F'^ ^^F^ ^ = —5", where 6" is the 
Kronecker symbol and "\ " denotes the interior product. 

The last result is important for elaborating an approach to geometric quan- 
tization of mechanical systems modeled on nonholonomic manifolds as 
well for definition of almost complex structures derived from the real N- 
connection geometry related to nonholonomic (anisotropic) Clifford struc- 
tures and spinors in commutative [Ml [Z21 lEHl IHHl El] and noncommutative 
spaces IIHIIZZIIZH]. 



2.2.2 N— connections in gravity theories 

For nonholonomic geometric models of gravity and string theories, one does 
not consider the bundle TM but a general manifold V, dimV = n+m, which 
is a (pseudo) Riemannian space or a certain generalization with possible 
torsion and nonmetricity fields. A metric structure is defined on V, with the 
coefficients stated with respect to a local coordinate basis c?m" = {dx\dy°-) , 



where 



g = 9_^p{u)du" ® du^ 



gij + NtN!;hab N^hae 

N-hbe hab 



(16) 



A metric, for instance, parametrized in the form ()16|) . is generic off- 
diagonal if it can not be diagonalized by any coordinate transforms. Per- 
forming a frame transform with the coefficients 





e\{u) 




-Nl{u)e\{u) 



we write equivalently the metric in the form 

g = ga/3 {U) ^9" ® = {U) ® + hab («) 

where gij = g (e,, Cj) and hab = g (ca, e^) and 



e^d^ and = e'^^dv^. 



^the indices run correspondingly the values i,j,k, 
1, n + 2, n + m. 



1,2,, 



, n and a, b, c. 



(17) 



(19) 
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are vielbeins of type pO|) and (fTT|) defined for arbitrary N^{u). We can 
consider a special class of manifolds provided with a global splitting into 
conventional "horizontal" and "vertical" subspaces pn|l induced by the "off- 
diagonal" terms N^{u) and prescribed type of nonholonomic frame structure. 

If the manifold V is (pseudo) Riemannian, there is a unique linear connec- 
tion (the Levi-Civita connection) V, which is metric, Vg = 0, and torsion- 
less, = 0. Nevertheless, the connection V is not adapted to the noninte- 
grable distribution induced by N^{u). In this case, for instance, in order to 
construct exact solutions parametrized by generic off-diagonal metrics, or for 
investigating nonholonomic frame structures in gravity models with nontriv- 
ial torsion, it is more convenient to work with more general classes of linear 
connections which are N-adapted but contain nontrivial torsion coefficients 
because of nontrivial nonholonomy coefficients H^J^ 

For a splitting of a (pseudo) Riemannian-Cartan space of dimension 
(n -|- m) (under certain constraints, we can consider (pseudo) Riemannian 
configurations), the Lagrange and Finsler type geometries were modeled by 
N-anholonomic structures as exact solutions of gravitational field equations 
(ZH EZl Eil EI] , see also Refs. jH3 IH2] for exact solutions with nonmetricity. 
One holds ^ the 

Result 2.6 The geometry of any Riemannian space of dimension n + m 
where n,m > 2 (we can consider n,m = 1 as special degenerated cases), 
provided with off-diagonal metric structure of type / Ii6|) can be equivalently 
modeled, by vielbein transforms of type [TJ^ and H^) as a geometry of non- 
holonomic manifold enabled with N-connection structure N^{u) and 'more 
diagonalized' metric lll!J\} . 

For particular cases, we present the 

Remark 2.2 For certain special conditions when n = m, 
and the metric 17^) is of type [14]) , a such Riemann space of even dimension 
is 'nonholonomically' equivalent to a Lagrange space (for the corresponding 
homogeneity conditions, see Definition \2. 'A one obtains the equivalence to a 
Finsler space). 

Roughly speaking, by prescribing corresponding nonholonomic frame struc- 
tures, we can model a Lagrange, or Finsler, geometry on a Riemannian man- 
ifold and, inversely, a Riemannian geometry is 'not only a Riemannian one' 
but also could be a generalized Finsler one. It is possible to define similar 
constructions for the (pseudo) Riemannian spaces. This is a quite surprising 
result if to compare it with the "superficial" interpretation of the Finsler ge- 
ometry as a nonlinear extension, 'more sophisticate' on the tangent bundle, 
of the Riemannian geometry. 
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It is known the fact that the first example of Finsler geometry was consid- 
ered in 1854 in the famous B. Riemann's habihty thesis (see historical details 
and discussion in Refs. [OH IH ISH EOj) who, for simplicity, restricted his 
considerations only to the curvatures defined by quadratic forms on hyper- 
surfaces. Sure, for B. Riemann, it was unknown the fact that if we consider 
general (nonholonomic) frames with associated nonlinear connections (the E. 
Cartan's geometry, see Refs. in jTHj) and off-diagonal metrics, the Finsler 
geometry may be derived naturally even from quadratic metric forms being 
adapted to the N-connection structure. 

More rigorous geometric constructions involving the Cartan-Miron met- 
ric connections and, respectively, the Berwald and Chern-Rund nonmetric 
connections in Finsler geometry and generalizations, see more details in sub- 
section 13.11 result in equivalence theorems to certain types of Riemann- 
Cartan nonholonomic manifolds (with nontirvial N-connection and torsion) 
and metric-affine nonholonomic manifolds (with additional nontrivial non- 
metricity structures) [80j. 

This Result 12.61 give rise to an important: 

Conclusion 2.1 To study generalized Finsler spinor and noncommutative 
geometries is necessary even if we restrict our considerations only to (non) 
commutative Riemannian geometries. 

For simplicity, in this work we restrict our considerations only to cer- 
tain Riemannian commutative and noncommutative geometries when the 
N-connection and torsion are defined by corresponding nonholonomic frames. 

2.3 N— anholonomic manifolds 

Now we shall demonstrate how general N-connection structures define a cer- 
tain class of nonholonomic geometries. In this case, it is convenient to work 
on a general manifold V, dimV =n-|-m, with global splitting, instead of the 
tangent bundle TM. The constructions will contain those from geometric 
mechanics and gravity theories, as certain particular cases. 

Let V be a (ra + m) -dimensional manifold. It is supposed that in any 
point M G V there is a local distribution (splitting) V„ = M„ © where M 
is a n— dimensional subspace and is a m-dimensional subspace. The local 
coordinates (in general, abstract ones both for holonomic and nonholonomic 
variables) may be written in the form u = {x, y), or u" = (x*, y"") . We denote 
by vr^ : TV ^ TM the differential of a map vr : '1/"+™ V defined by 
fiber preserving morphisms of the tangent bundles TV and TM. The kernel 
of TT^ is just the vertical subspace fV with a related inclusion mapping 
i:vY ^ TV. 
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Definition 2.6 A nonlinear connection (N-connection) N on a manifold\ 
is defined by the splitting on the left of an exact sequence 



O^vY ^TY TY/vY 0, 

i. e. by a morphism of submanifolds N : TV vY such that N o i is the 
unity in vY . 

In an equivalent form, we can say that a N-connection is defined by a 
splitting to subspaces with a Whitney sum of conventional h-subspace, {hY) , 
and v-subspace, (fV) , 

TV = W © vY (20) 

where hY is isomorphic to M. This generalizes the splitting considered in 
Result EH 

Locally, a N-connection is defined by its coefficients N°-{u), 

N = iVf(u)da;'®^. (21) 

The well known class of linear connections consists a particular subclass with 
the coefficients being linear on y"-, i. e. N^{u) = T'^j{x)y^. 
Any N-connection also defines a N-connection curvature 

n = In'^.d' A d^ ® da, 

with N-connection curvature coefficients given by formula ()12p. 

Definition 2.7 A manifold V is called N-anholonomic if on the tangent 
space TV it is defined a local (nonintegrable) distribution ^EW> ^- ^- ^■^ 
enabled with a N-connection ^2l\) inducing a vielbein structure ( TfT^) satisfying 
the nonholonomy relations / f7^) (such N-connections and associated vielbeins 
may be general ones or any derived from a Lagrange/ Finsler fundamental 
function). 

We note that the boldfaced symbols are used for the spaces and geometric 
objects provided/adapted to a N-connection structure. For instance, a vector 
field X G TV is expressed X = (X = "X, *X), or X = X"e^ = X'a + 
X^Ca, where X = ~X = X^Ci and *X = X°-ea state, respectively, the 
irreducible (adapted to the N-connection structure) h- and v-components 
of the vector (which following Refs. jSHl EZI is called a distinguished vectors, 
in brief, d-vector). In a similar fashion, the geometric objects on V like 



14 



tensors, spinors, connections, ... are respectively defined and called d-tensors, 
d-spinors, d-connections if they are adapted to the N-connection splitting.^ 

Definition 2.8 A d-metric structure on N-anholonomic manifold V is de- 
fined by a symmetric d-tens or field of type g = [g, *h] / li.9)) . 

For any fixed values of coordinates m = (x, y) G V a d-metric it defines 
a symmetric quadratic d-metric form, 

q(x,y) = (7,,xV + /i„,yV, (22) 

where the n + m-splitting is defined by the N-connection structure and 
X = x'ci + x^Ca, y = y'ci + y'^Ca e ^"+™. 

Any d-metric is parametrized by a generic off-diagonal matrix (fTH|l if the 
coefficients are redefined with respect to a local coordinate basis (for corre- 
sponding parametrizations of the the data [g, h, N] such ansatz model a ge- 
ometry of mechanics, or a Finsler like structure, in a Riemann-Cartan-Weyl 
space provided with N-connection structure [HHl IHH] ; for certain constraints, 
there are possible models derived as exact solutions in Einsten gravity and 
noncommutative generalizations [7 H \H1 \ 1^). 

Remark 2.3 There is a special case when dimV =n + n, hab — >■ gij and 
Nf — »• A^-'^ in M9\i . which models locally, on V, a tangent bundle struc- 
ture. We denote a such space by V(„^„). // the N-connection and d-metric 
coefficients are just the canonical ones for the Lagrange (Finsler) geometry 
(see, respectively, formulas (0j and ), we model such locally anisotropic 
structures not on a tangent bundle TM but on a N-anholonomic manifold of 
dimension 2n. 

We present some historical remarks on N-connections and related sub- 
jects: The geometrical aspects of the N-connection formalism has been stud- 
ied since the first papers of E. Cartan [101 ^- Kawaguchi jHSl inEj (who 
used it in component form for Finsler geometry). Then one should be men- 
tioned the so called Ehressman connection |2S1) and the work of W. Barthel 
jH] where the global definition of N-connection was given. In monographs 
inniEZlEHl, the N-connection formalism was elaborated in details and ap- 
plied to the geometry of generalized Finsler-Lagrange and Cartan-Hamilton 
spaces, see also the approaches [12111011211 -It should be noted that the works 
related to nonholonomic geometry and N-connections have appeared many 

^In order to emphasize h- and v-splitting of any d-objects Y, g, ... we shall write the 
irreducible components as Y = ( ~Y, *Y), g = ( ^g, *g) but we shall omit "— " or if 
the simplified denotations will not result in ambiguities. 
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times in a rather dispersive way when different schools of authors from geom- 
etry, mechanics and physics have worked many times not having relation with 
another. We cite only some our recent results with explicit applications in 
modern mathematical physics and particle and string theories: N-connection 
structures were modeled on Clifford and spinor bundles [HHl IZ21 IHHl IHEI, on 
superbundles and in some directions of (super) string theory |7Tl[73], as well 
in noncommutative geometry and gravity jTHl EZl EH] • The idea to apply the 
N-connections formalism as a new geometric method of constructing exact 
solutions in gravity theories was suggested in Refs. [ZH ESI and developed in 
a number of works, see for instance, Ref. [HZl ESI EI] ) ■ 

3 Curvature of N— anholonomic Manifolds 

The geometry of nonholonomic manifolds has a long time history of yet 
unfinished elaboration: For instance, in the review j^QSj it is stated that it is 
probably impossible to construct an analog of the Riemannian tensor for the 
general nonholonomic manifold. In a more recent review [33] , it is emphasized 
that in the past there were proposed well defined Riemannian tensors for 
a number of spaces provided with nonholonomic distributions, like Finsler 
and Lagrange spaces and various type of theirs higher order generalizations, 
i. e. for nonholonomic manifolds possessing corresponding N-connection 
structures. As some examples of first such investigations, we cite the works 
|54[ l58| IT9] . In this section we shall construct in explicit form the curvature 
tensor for the N-anholonomic manifolds. 

3.1 Distinguished connections 

On N-anholonomic manifolds, the geometric constructions can be adapted 
to the N-connection structure: 

Definition 3.1 A distinguished connection (d-connection) D on a manifold 
\ is a linear connection conserving under parallelism the Whitney sum \2U\) 
defining a general N-connection. 

The N-adapted components F^^ of a d-connection Dq, = (5q,JD) are 
defined by the equations Dq,(5/3 = T^^n5^, or 



In its turn, this defines a N-adapted splitting into h- and v-covariant deriva- 



tives, D = D + where Dt = [L]^, Ll^ ) and = (Cj^, are 




(23) 



16 



introduced as corresponding h- and v-parametrizations of (j^Hj) . 

L), = {B,e,)\^\ LI = (D,e,)jr, = (D,e,)J^\ C^, = (D,e,)jr. 

The components F'^^^ = {L^j^, L^^^, Cj^, C^^ completely define a d-connection 
D on a N-anholonomic manifold V. 

The simplest way to perform computations with d-connections is to use 
N-adapted differential forms like = T'^^d'^ with the coefficients defined 
with respect to N-elongate bases (fTTj) and (fTUj) . 

The torsion of d-connection D is defined by the usual formula 

T(X, Y) = DxDy - DyDx - [X, Y]. 

Theorem 3.1 The torsion T" = D^9° = dd"" + T'^ of a d-connection 
has the irreducible h- v- components (d-torsions)with N-adapted coefficients 

rpi J i rpi rpi /^i rpa r\a 

-'■ jk ~ ^ [jfc]' ^ ja — aj — ^ ja^ ji " " ji^ 

dm 

rpa rpa I ja rpa /^a {OA \ 

^ bi — -'- ib — ~Qy^ ^ bil ^ be — ^ [be]- \^^) 

Proof. By a straightforward calculation we can verify the formulas. 

The Levi-Civita linear connection V = {^FJ^^}, with vanishing both 
torsion and nonmetricity, is not adapted to the global splitting ((20)). One 
holds: 

Proposition 3.1 There is a preferred, canonical d-connection structure, D, 
on N-anholonomic manifold V constructed only from the metric and N- 
connection coefficients [gij^hab, N^] and satisfying the metricity conditions 
Dg = and f'-^ = and = 0. 

Proof. By straightforward calculations with respect to the N-adapted 
bases and ()10j). we can verify that the connection 

f = ^r-^ + p-^ (25) 

with the deformation d-tensor 

^ RN"- 1 

pa — (p^ — n pa — k_ pi „*^n« h P"^ — 

13-1 — Vjk — -r 6fc — Q^^^ , -T jc — 2 fcj ca, ^bc — ^) 

satisfies the conditions of this Proposition. It should be noted that, in gen- 
eral, the components T^jai ^ " j and T\^ are not zero. This is an anholonomic 
frame (or, equivalently, off-diagonal metric) effect. 
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With respect to the N-adapted frames, the coefficients 
= (ijt. C],, Ct) are computed: 

£k = + (26) 



ra _ dN^ 1 f6h, _ dNi _ dNt 

2 V 9?/'' dyi 

The d-connection (j^UI) defines the 'most minimal' N-adapted extension of the 
Levi-Civita connection in order to preserve the metricity condition and to 
have zero torsions on the h- and v-subspaces (the rest of nonzero torsion co- 
efficients are defined by the condition of compatibihty with the N-connection 
sphtting). 

Remark 3.1 The canonical d-connection D \2h]) for a local modelling of a 
TM space on V(„^„) is defined by the coefficients V^^p = {L^jk^ '^'^^^ 

1 ir f ^9jr , Sgkr SgjA p,i _^ ir [ %r , dgkr Ogjk 



^'^ 2^ \dx>' dx^ dx-J' 2^ \dy^ dy^ dy- ) ^ ' 

computed with respect to N-adapted bases / f7^) and / fTT)) when L*^ and Cj^^. 
define respectively the canonical h- and v-covariant derivations. 

Various models of Finsler geometry and generalizations were elaborated 
by using different types of d-connections which satisfy, or not, the compati- 
bility conditions with a fixed d-metric structure (for instance, with a Sasaki 
type one). Let us consider the main examples: 

Example 3.1 The Cartan's d-connection JJW with the coefficients ^27{ ) was 
defined by some generalized Christoffel symbols with the aim to have a 'min- 
imal' torsion and to preserve the metricity condition. This approach was de- 
veloped for generalized Lagrange spaces and on vector bundles provided with 
N-connection structure (5^ by introducing the canonical d-connection 
\2h]] . The direction emphasized metric compatible and N-adapted geometric 
constructions. 

An alternative class of Finsler geometries is concluded in monographs 

mini: 
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Example 3.2 It was the idea of C. C. Chern '^161 (latter also proposed by 
H. Rund JU^) to consider a d-connection [Chern]Y'y^^ = {U-^,C^-^ = 0) 
and to work not on a tangent bundle TM but to try to 'keep maximally ' the 
constructions on the base manifold M. The Chern d-connection, as well the 
Berwald d-connection {Berwaid]^"! = i^ii,^ = 1^,^']^ = 0) ^, are not 
subjected to the metricity conditions. 

We note that the constructions mentioned in the last example define certain 
'nonmetric geometries' (a Finsler modification of the Riemann-Cartan-Weyl 
spaces). For the Chern's connection, the torsion vanishes but there is a 
nontrivial nonmetricity. A detailed study and classification of Finsler-affine 
spaces with general nontrivial N-connection, torsion and nonmetricity was 
recently performed in Refs. jHOl lEHl E2]- Here we also note that we may 
consider any linear connection can be generated by deformations of type 

r^^ = f + p^^. (28) 

This splits all geometric objects into canonical and post-canonical pieces 
which results in N-adapted geometric constructions. 

In order to define spinors on generalized Lagrange and Finsler spaces 
|Sni IZ21 IHS IHH] the canonical d-connection and Cartan's d-connection were 
used because the metric compatibility allows the simplest definition of Clif- 
ford structures locally adapted to the N-connection. This is also the simplest 
way to define the Dirac operator for generalized Finsler spaces and to extend 
the constructions to noncommutative Finsler geometry jZHl EZl IZH| • The geo- 
metric constructions with general metric compatible affine connection (with 
torsion) are preferred in modern gravity and string theories. Nevertheless, 
the geometrical and physical models with generic nonmetricity also present 
certain interest [2HI IHOl IMl IH2] (see also j46j where nonmetricity is consid- 
ered to be important in quantum group co gravity). In such cases, we can 
use deformations of connection ()28j) in order to 'deform', for instance, the 
spinorial geometric constructions defined by the canonical d-connection and 
to transform them into certain 'nonmetric' configurations. 

3.2 Curvature of d— connections 

The curvature of a d-connection D on an N-anholonomic manifold is defined 
by the usual formula 

R(X, Y)Z = DxDyZ - DyDxZ - D[^,x]Z. 

By straightforward calculations we prove: 
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Theorem 3.2 The curvature = DF^ = c/F^— F^AF" of a d-connection 
V = has the irreducible h- v- components (d-curvatures) o/R^g^^, 



(29) 



^ hjk 


= ekL\^ 


hk^ ^ hj^ mk 


hk-^ mj ^ ha^^ 


T)a 

^ bjk 


= euL\ 


^J-^ bk + bj^ ck 


T c T a /~ia r\c 
^ bk^ cj ~ 6c" kji 


r/i 

jka 


= (iaL'jk 


— DkC'j^ + C''jf,T\^, 




R bka 


= ^aL'^bk 






jbc 


= ^cC^jb 


— ebC^jc + C jhC\c — 


^ jc^ hbi 


rya 

bed 


= e,C%, 


^c"^ bd^ ^ bc^ ed 


^ bd^ ec- 



Remark 3.2 For an N-anholonomic manifold V(„ provided with N-sym- 
pletic canonical d-connection F"^^^, see l2^ , the d-curvatures ( f^) reduces 
to three irreducible components 

pi oT' oT* _Lr™r* rm Ti 

^ hjk — ^kJ^ hj ^j^ hk^ ^ hj^ mk ^ hk^ mj ^ ha^^ kj^ 

jka = ^aL^ jk ~ DkC^ ja + jb^^ka) (30) 

6cd ~ ^d^ be bd^ ^ bc^ ed ^ bd^ ee 

where all indices i,j, k... and a,b, .. run the same values but label the compo- 
nents with respect to different h- or v-frames. 

Contracting respectively the components of and (jHUj) we prove: 

Corollary 3.1 The Ricci d-tensor R^^ = R'^^^,- has the irreducible h- v- 
components 

Rij = R ij^, Ria =F —R ikai ^ai =F R aibi -^a6 =F R abci (^l) 

for a general N-holonomic manifold V, and 

Rij = R jj^, Ria = —R ikai Rab ^ R abci (32) 

for an N-anholonomic manifold V(„^„). 

Corollary 3.2 The scalar curvature of a d-connection is 

R = g"^R,/3 = g'^Ri, + h'^^'Rab, (33) 
defined by the "pure" h- and v-components of (E^. 

Corollary 3.3 The Einstein d-densor is computed Gap = Rq/3 — Iga/jR. 
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For physical applications, the Riemann, Ricci and Einstein d-tensors can 
be computed for the canonical d-connection. We can redefine the construc- 
tions for arbitrary d-connections by using the corresponding deformation 
tensors like in (j^H|l . for instance, 

7^"^ = TTp + + A V\ (34) 

for = P'^^'&'^. A set of examples of such deformations are analyzed in 

Refs. IHHIIHSIIHI. 

4 Noncommutative N— Anholonomic Spaces 

In this section, we outline how the analogs of basic objects in commutative 
geometry of N-anholonomic manifolds, such as vector/tangent bundles, N- 
and d-connections can be defined in noncommutative geometry [TTf . We 
note that the A. Connes' functional analytic approach |17, to the noncommu- 
tative topology and geometry is based on the theory of noncommutative C*- 
algebras. Any commutative C*-algebra can be realized as the C*-algebra of 
complex valued functions over locally compact Hausdorff space. A noncom- 
mutative C*-algebra can be thought of as the algebra of continuous functions 
on some 'noncommutative space' (see main definitions and results in Refs. 

[m 123123 El). 

The starting idea of noncommutative geometry is to derive the geometric 
properties of "commutative" spaces from their algebras of functions char- 
acterized by involutive algebras of operators by dropping the condition of 
commutativity (see the Gelfand and Naimark theorem ^M])- A space topol- 
ogy is defined by the algebra of commutative continuous functions, but the 
geometric constructions request a differentiable structure. Usually, one con- 
siders a differentiable and compact manifold M, dimN = n (there is an open 
problem how to include in noncommutative geometry spaces with indefinite 
metric signature like pseudo-Euclidean and pseudo-Riemannian ones). In 
order to construct models of commutative and noncommutative differential 
geometries it is more or less obvious that the class of algebras of smooth 
functions, C = C'^{M) is more appropriate. If M is a smooth manifold, it 
is possible to reconstruct this manifold with its smooth structure and the 
attached objects (differential forms, etc..) by starting from C considered as 
an abstract (commutative) unity *-algebra with involution. As a set M can 
be identified with the set of characters of C, but its differential structure is 
connected with the abundance of derivations of C which identify with the 
smooth vector fields on M. There are two standard constructions: 1) when 
the vector fields are considered to be the derivations of C (into itself) or 2) 
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one considers a generalization of the calculus of differential forms which is 
the Kahler differential calculus (see, details in Lectures The noncom- 

mutative versions of differential geometry may be elaborated if the algebra 
of smooth complex functions on a smooth manifold is replaced by a noncom- 
mutative associative unity complex *-algebra A. 

The geometry of commutative gauge and gravity theories is derived from 
the notions of connections (linear and nonlinear ones), metrics and frames of 
references on manifolds and vector bundle spaces. The possibility of extend- 
ing such theories to some noncommutative models is based on the Serre-Swan 
theorem stating that there is a complete equivalence between the cate- 
gory of (smooth) vector bundles over a smooth compact space (with bundle 
maps) and the category of porjective modules of finite type over commutative 
algebras and module morphisms. So, the space F {E) of smooth sections of 
a vector bundle E over a compact space is a projective module of finite type 
over the algebra C (M) of smooth functions over M and any finite projective 
C (M)-module can be realized as the module of sections of some vector bun- 
dle over M. This construction may be extended if a noncommutative algebra 
A is taken as the starting ingredient: the noncommutative analogue of vector 
bundles are projective modules of finite type over A. This way one developed 
a theory of linear connections which culminates in the definition of Yang- 
Mills type actions or, by some much more general settings, one reproduced 
Lagrangians for the Standard model with its Higgs sector or different type 
of gravity and Kaluza-Klein models (see, for instance, Refs PT| I44j ) . 

4.1 Modules as bundles 

A vector space S over the complex number field IC can be defined also as a 
right module of an algebra A over IC which carries a right representation of 
A, when for every map of elements S xA 3 {i],a) —>■ rja E S one hold the 
properties 

X{ab) = {\a)b, A(a + b) = Xa + Xb, (A + /i)a = Xa + fia 

fro every X, fi E S and a,b E A. 

Having two ^-modules S and JF, a morphism of S into JF is any linear 
map p : S J-' which is also ^-linear, i. e. p{ria) = p{i])a for every rj E S 
and a E A. 

We can define in a similar (dual) manner the left modules and theirs mor- 
phisms which are distinct from the right ones for noncommutative algebras 
A. A bimodule over an algebra ^ is a vector space S which carries both a 
left and right module structures. The bimodule structure is important for 
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modeling of real geometries starting from complex structures. We may define 
the opposite algebra A° with elements a° being in bijective correspondence 
with the elements a & A while the multiplication is given by a°b° = [ha)" .A 
right (respectively, left) ^-module £ is connected to a left (respectively right) 
^"-module via relations a°ri = rja" (respectively, at] = rja). One introduces 
the enveloping algebra = A ® jq A°] any ^-bimodule £ can be regarded 
as a right [left] ^^-module by setting rj{a® h°) = bqa [(a ®h°)rj = arjh] . 

For a (for instance, right) module £ , we may introduce a family of ele- 
ments {et)^i^j' parametrized by any (finite or infinite) directed set T for which 
any element r] & £ is expressed as a combination (in general, in more than 
one manner) rj = XlteT ^t^t with at & A and only a finite number of non van- 
ishing terms in the sum. A family {et)^^rp is free if it consists from linearly 
independent elements and defines a basis if any element r] E £ can be written 
as a unique combination (sum). One says a module to be free if it admits a 
basis. The module £ is said to be of finite type if it is finitely generated, i. 
e. it admits a generating family of finite cardinality. 

Let us consider the module A^ = IC^ ®jjA. The elements of this module 
can be thought as i^-dimensional vectors with entries in A and written 
uniquely as a linear combination i] = Xltli ^to-t were the basis et identified 
with the canonical basis of IC^. This is a free and finite type module. In 
general, we can have bases of different cardinality. However, if a module £ is 
of finite type there is always an integer K and a module surjection p : A^ 
£ with a base being a image of a free basis, ej = p{ej);j = 1, 2, K. 

We say that a right ^-module £ is projective if for every surjective module 
morphism p : M. M splits, i. e. there exists a module morphism s : £ ^ 
M. such that pos = ids. There are different definitions of porjective modules 
(see Ref. [32] on properties of such modules). Here we note the property that 
if a ^-module £ is projective, there exists a free module JF and a module £' 
(being a priory projective) such that T = £ ® £' . 

For the right ^-module £ being projective and of finite type with sur- 
jection p : A^ —>■ £ and following the projective property we can find a 
lift X : £ A^ such that p o X = idg. There is a proof of the property 
that the module £ is projective of finite type over A if and only if there 
exists an idempotent p G Endji^A^ = Mk{A), = p, the Mk{A) denoting 
the algebra of K x K matrices with entry in A, such that £ = pA^ . We 
may associate the elements of £ to i^-dimensional column vectors whose 
elements are in A, the collection of which are invariant under the map p, 
£ = = (^1, ■■■,^K)',(.j ^ A, pC, = C,}. For simplicity, we shall use the term 
finite projective to mean projective of finite type. 
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4.2 Nonlinear connections in projective modules 

The nonlinear connection (N-connection) for noncommutative spaces can be 
defined similarly to commutative spaces by considering instead of usual vector 
bundles theirs noncommutative analogs defined as finite projective modules 
over noncommutative algebras [77] . The explicit constructions depend on the 
type of differential calculus we use for definition of tangent structures and 
theirs maps. In this subsection, we shall consider such projective modules 
provided with N-connection which define noncommutative analogous both 
of vector bundles and of N-anholonomic manifolds (see Definition \2.7^ . 

In general, one can be defined several differential calculi over a given alge- 
bra A (for a more detailed discussion within the context of noncommutative 
geometry, see Refs. fZlE])- For simplicity, in this work we consider that 
a differential calculus on A is fixed, which means that we choose a (graded) 
algebra fl*{A) = UpQ^{A) giving a differential structure to A. The elements 
of flP{A) are called p-forms. There is a linear map d which takes p-forms into 
{p + l)-forms and which satisfies a graded Leibniz rule as well the condition 
= 0. By definition n^{A) = A. 

The differential df of a real or complex variable on a N-anholonomic 
manifold V 

df = 5ifdx' + dJ5y\ 
6,f = dj - N^daf , 6y'' = dy^ + N^dx\ 

where the N-elongated derivatives and differentials are defined respectively 
by formulas (fTn|) and (jllj) . in the noncommutative case is replaced by a 
distinguished commutator (d-commutator) 

rf/=[F,/]=[FW,/] + [FM,/] 

where the operator F^^l (F'^1) acts on the horizontal (vertical) projective sub- 
module and this operator is defined by a fixed differential calculus n*(A^^^) 
{^l* (A'^'"^)) on the so-called horizontal (vertical) A^'^'^ {A^'"^) algebras. We con- 
clude that in order to elaborated noncommutative versions of N-anholonomic 
manifolds we need couples of 'horizontal' and 'vertical' operators which re- 
flects the nonholonomic splitting given by the N-connection structure. 

Let us consider instead of a N-anholonomic manifold V an ^-module S 
being projective and of finite type. For a fixed differential calculus on S we 
define the tangent structures TS. 

Definition 4.1 A nonlinear connection (N-connection) N on an A-module 
£ is defined by the splitting on the left of an exact sequence of finite projective 
A-moduli 

^ v£ ^T£ ^ T£/v£ 0, 
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i. e. by a morphism of submanifolds N : TS —>■ vS such that N o i zs the 
unity in vS. 

In an equivalent form, we can say that a N-connection is defined by a splitting 
to projective submodules with a Whitney sum of conventional h-submodule, 
{h£) , and v-submodule, {v£) , 

T£ = h£® v£. (35) 

We note that locally h£ is isomorphic to TM where M is a differential 
compact manifold of dimension n. 

The Definition 14.11 reconsiders for noncommutative spaces the Defini- 
tion 12.61 In result, we may generalize the concept of 'commutative' N- 
anholonomic space: 

Definition 4.2 A N-anholonomic noncommutative space £n is an A-modu- 
le £ possessing a tangent structure T£ defined by a Whitney sum of projective 
submodules / l,?,5]) . 

Such geometric constructions depend on the type of fixed differential calculus, 
i. e. on the procedure how the tangent spaces are defined. 

Remark 4.1 Locally always N-connections exist, but it is not obvious if they 
could be glued together. In the classical case of vector bundles over paracom- 
pact manifolds this is possible \5f^ . If there is an appropriate partition of 
unity, a similar result can be proved for finite projective modules. For cer- 
tain applications, it is more convenient to use the Dirac operator already 
defined on N-anholonomic manifolds, see Section\^ 

In order to understand how the N-connection structure may be taken 
into account on noncommutative spaces but distinguished from the class of 
linear gauge fields, we analyze an example: 

4.3 Commutative and noncommutative gauge d— fields 

Let us consider a N-anholonomic manifold V and a vector bundle f3 = 
{B,TT,\) with TT : i? — s> V with a typical /c-dimensional vector fiber. In 
local coordinates a linear connection (a gauge field) in (3 is given by a collec- 
tion of differential operators 

V„ = D^ + BM, 
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acting on T^^ where 

Da = 6a± with Di = 5i± T'.^ and Da = da± T'.^ 

is a d-connection in V (a = 1,2, ...,n + m), with the operator 6a, being 
N-elongated as in (fTUj) . u = {x,y) G C,n and -B^ are k x A;-matrix valued 
functions. For every vector field 

X = X''{u)6a = X\u)6i + X''{u)da e TV 

we can consider the operator 

X"(m)V„(/ ■s) = f-Vxs + Sxf-s (36) 

for any section s E B and function / G C°°(V), where 

6xf = X''6a andV/x = /Vx. 

In the simplest definition we assume that there is a Lie algebra QCB that acts 
on associative algebra B by means of infinitesimal automorphisms (deriva- 
tions). This means that we have linear operators 6x '■ B ^ B which linearly 
depend on X and satisfy 

6x{ci ■ h) = {6xa) ■ b + a ■ {6xb) 

for any a,b E B. The mapping X 6x is a. Lie algebra homomorphism, i. 

e. S[x,Y] = [^x,Sy]. 

Now we consider respectively instead of commutative spaces V and (3 the 
finite projective ^-module Sn, provided with N-connection structure, and 
the finite projective i3-module £[^. 

A d-connection on is by definition a set of linear d-operators, 
adapted to the N-connection structure, depending linearly on X and satis- 
fying the Leibniz rule 

Vx(&-e) =6- Vx(e) + 5x&-e (37) 

for any e E and b E B. The rule ()37p is a noncommutative generalization 
of (j36|l . We emphasize that both operators Vx and 6x are distinguished 
by the N-connection structure and that the difference of two such linear 
d-operators, Vx — commutes with action of B on Sf^, which is an endo- 
morphism of S13. Hence, if we fix some fiducial connection (for instance, 
= Dx) on Sj3 an arbitrary connection has the form 

Vx = /^x + Bx, 
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where Bx € EndB^js depend linearly on X. 

The curvature of connection Vx is a two-form Fxy which values linear 
operator in B and measures a deviation of mapping X Vx from being a 
Lie algebra homomorphism, 

Fxy = [Vx, Vy] — V[x,y]- 
The usual curvature d-tensor is defined as 

The simplest connection on a finite projective S-module S/3 is to be spec- 
ified by a projector P : B'^ ® when the d-operator 5x acts naturally on 
the free module B^. The operator V^*" = P ■ 6x ■ P is called the Levi-Civita 
operator and satisfy the condition Tr[V^*",0] = for any endomorphism 
(j) e EndsSi^. From this identity, and from the fact that any two connections 
differ by an endomorphism that Tr[Vx,0] = for an arbitrary connection 
Vx and an arbitrary endomorphism 0, that instead of V^*" we may consider 
equivalently the canonical d-connection, constructed only from d-metric and 
N-connection coefficients. 

5 Nonholonomic Clifford— Lagrange Structu- 
res 

The geometry of spinors on generalized Lagrange and Finsler spaces was 
elaborated in Refs. jBHl IZ21 EEl IHH]- It was applied for definition of non- 
commutative extensions of the Finsler geometry related to certain models of 
Einstein, gauge and string gravity [7TJ [771 [7H1 EH EH El] ■ Recently, it is was 
proposed an extended Clifford approach to relativity, strings and noncom- 
mutativity based on the concept of " C-space" fn\ IT^ IT^ [T3] . 

The aim of this section is to formulate the geometry of nonholonomic 
Clifford-Lagrange structures in a form adapted to generalizations for non- 
commutative spaces. 

5.1 Clifford d— module 

Let V be a compact N-anholonomic manifold. We denote, respectively, 
by Tj-V and T*Y the tangent and cotangent spaces in a point x G V. We 
consider a complex vector bundle t : E where, in general, both the base 
V and the total space E may be provided with N-connection structure, and 
denote by r°°{E) (respectively, T{E)) the set of differentiable (continous) 
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sections of E. The symbols x(M) = r°°(TM) and Vl^{m) = r~(T*M) are 
used respectively for the set of d- vectors and one d-forms on TM. 

5.1.1 Clifford— Lagrange functionals 

In the simplest case, a generic nonholonomic Clifford structure can be associ- 
ated to a Lagrange metric on a ra-dimensional real vector space provided 
with a Lagrange quadratic form L{y) = qL{y,y), see subsection 12. II We 
consider the exterior algebra AV" defined by the identity element I and an- 
tisymmetric products A ... A V[k] with V[i], ...,V[k] G V"' for k < dimV"' 
where 1 Av = v, V[i] A t'[2] = — f [2] A f [1], ... 

Definition 5.1 The Clifford-Lagrange (or Clifford-Minkowski) algebra is a 
AV"- algebra provided with a product 

uv + VU = 2'^^^g{u,v) 1 (38) 

(oruv + vu = 2^^'^g{u,v) 1) (39) 

for any u,v G V" and ^^^g{u,v) (or ^^^g{u,v)) defined by formulas ^ 
(orm)- 

For simplicity, hereafter we shall prefer to write down the formulas for 
the Lagrange configurations instead of dubbing of similar formulas for the 
Finsler configurations. 

We can introduce the complex Clifford-Lagrange algebra IC/(i)(V^") struc- 
ture by using the complex unity "i", Vjq = + iV"', enabled with complex 
metric 

^^^g-^{u, V + iw) = ^^^g{u, v) + i ^^^g{u, w), 
which results in certain isomorphisms of matix algebras (see, for instance, 

I2n!), 

E/(1R2'^) ~ M2m(IC), 

IC/(1R2™+^) ~ M2-(IC) ©M2™(IC). 

We omitted the label (L) because such isomorphisms hold true for any 
quadratic forms. 

The Clifford-Lagrange algebra possesses usual properties: 

1. On IC/(L)(y"), it is linearly defined the involution "*", 
{Xv[i]...V[k])* = \v[i]...vik], VA G IC. 
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2. There is a IZ2 graduation, 

E/(^(n = o^L)(n © E/(L)(n 

with X(L){a) = ±1 for a G IC/5^)(l^'^), where IC/^^)(\/"), or 0(;^)(\/'^), 
are defined by products of an odd, or even, number of vectors. 

3. For positive definite forms ^^(m, f), one defines the chirahty of 

1(L) = (-i)"eie2...en, 7^ = 7*7 = I 
where {e,}"^^ is an orthonormal basis of V'"' and n = 2n', or = 2n' + 1. 

In a more general nonholonomic Chfford structure is defined by 

quadratic d-metric form q(x, y) ()22|) on a n + m-dimensional real d-vector 
space 1^"+"^ with the (n+m)-splitting defined by the N-connection structure. 

Definition 5.2 The Clifford d-algebra is a AV"'~^"^ algebra provided with a 
product 

UV + vu = 2g(u,v) E (40) 
or, equivalently, distinguished into h- and v-products 

uv + vu = 2g{u, v) I 

and 

*u ''V+ *v*u = 2 "hi *u, *v) E 
for any u = {u, v = {v, *v) G \/"+''". 

Such Clifford d-algebras have similar properties on the irreducible h- and 
v-components as the Clifford-Lagrange algebras. We may define a stan- 
dard complexification but it should be emphasized that for n = m the N- 
connection (in particular, the canonical Lagrange N-connection) induces nat- 
urally an almost complex structure which gives the possibility to define 
almost complex Clifford d-algebras (see details in IHH] ). 

5.1.2 Clifford-Lagrange and Clifford N— anholonomic structures 

A metric on a manifold M is defined by sections of the tangent bundle TM 
provided with a bilinear symmetric form on continous sections T{TM). In 
Lagrange geometry, the metric structure is of type ^^^gij{x, y) Q which allows 
us to define Clifford-Lagrange algebras IC/(l) (T^M), in any point x G TM, 

lilj + ijli = 2 ^^^gij I. 
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For any point a; G M and fixed y = yo, one exists a standard complexification, 
IP 

T^M'^ = T^M + iT^M, which can be used for definition of the 'involution' 

IP 

operator on sections of Tj.M , 

cricr2(x) = (T2{x)ai{x), a*{x) = a{x)*,\/x G M, 

where "*" denotes the involution on every IC/(i^)(Tj.M). The norm is defined 
by using the Lagrange norm, see Definition 12. 

II cr \\l= sup^f^M {\ <y{x) li}, 

which defines a C£-algebra instead of the usual C*-algebra of ICZ (T^-M). 
Such constructions can be also performed on the cotangent space T^M, or 
for any vector bundle E on M enabled with a symmetric bilinear form of 
class C°° on T°°{E) x T°°{E). ^ 

For Lagrange spaces modeled on TM, there is a natural almost complex 
structure F (fT^ induced by the canonical N-connection ^^^^A^, see the Results 
\2.2\ 12.41 and 12 .S^ which allows also to construct an almost Kahler model of 
Lagrange geometry, see details in Refs. [SEIEZI, and to define an Plifford- 
Kahler d-algebra ld(^KL)iTxM) for y = yo, being provided with the 
norm 

II o- ||a'l= sup^(,M {\ (^{x) \kl}, 
which on T^M is defined by projecting on x the d-metric *^^^g p4|) . 

In order to model Plifford-Lagrange structures on TM and T*M it is 
necessary to consider d-metrics induced by Lagrangians: 

Definition 5.3 A Cliff ord-Lagrange space on a manifold M enabled with a 
fundamental metric ^^^gij{x,y) (0) and canonical N-connection ^^^Nj (0j 
inducing a Sasaki type d-metric ^^'^g [T^ is defined as a Clifford bundle 
lCl^L)iM) = lCl^L)iT*M). 

For a general N-anholonomic manifold V of dimension n + m provided 
with a general d-metric structure g (fT^ (for instance, in a gravitational 
model, or constructed by conformal transforms and embeddings into higher 
dimensions of a Lagrange (or Finsler) d-metrics), we introduce 

Definition 5.4 A Clifford N-anholonomic bundle on V is defined as 

0(^)(v) = ip/(jv)(r*v). 

Let us consider a complex vector bundle vr : E — 5> M provided with N- 
connection structure which can be defined by a corresponding exact chain of 
subbundles, or nonintegrable distributions, like for real vector bundles, see 
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jSni EZ| and subsection 12.31 Denoting by the typical fiber (a complex 
vector space), we can define the usual Clifford map 

c : 0(T*M) ^ End{V^) 

via (by convention, left) action on sections c{a)a^{x) = c{a{x))cr^{x). 

Definition 5.5 The Clifford d-module (distinguished by a N-connection) of 
a N-anholonomic vector bundle E is defined by the C{M) -module r(E) of 
continuous sections in E, 

c : r(IC/(M)) End{T{E)). 

In an alternative case, one considers a complex vector bundle vr V 
on an N-anholonomic space V when the N-connection structure is given for 
the base manifold. 

Definition 5.6 The Clifford d-module of a vector bundle E is defined by the 
C(V) -module T{E) of continuous sections in E, 

c: r{lC^N)(y)) ^ End{r{E)). 

A Clifford d-module with both N-anholonomic total space E and base 
space V with corresponding N-connections (in general, two independent 
ones, but the N-connection in the distinguished complex vector bundle must 
be adapted to the N-connection on the base) has to be defined by an "inter- 
ference" of Definitions 15.51 and 15.61 

5.2 N— anholonomic spin structures 

Usually, the spinor bundle on a manifold M, dimM = n, is constructed 
on the tangent bundle by substituting the group SO{n) by its universal 
covering Spin{n). If a Lagrange fundamental quadratic form ^^^gij{x,y) ^ 
is defined on Tx,M we can consider Lagrange-spinor spaces in every point 
X E M. The constructions can be completed on TM by using the Sasaki type 
metric *^^^g (fT^ being similar for any type of N-connection and d-metric 
structure on TM. On general N-anholonomic manifolds V, dimV = n + m, 
the distinguished spinor space (in brief, d-spinor space) is to be derived from 
the d-metric and adapted to the N-connection structure. In this case, 
the group SO{n + m) is not only substituted by Spin{n + m) but with respect 
to N-adapted frames (fTUjl and (fTT|) one defines irreducible decompositions to 
Spin{n) © Spin{m). 
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5.2.1 Lagrange spin groups 

Let us consider a vector space V"' provided with Clifford-Lagrange structures 
as in subsection 15. II We denote a such space as V^-^ in order to emphasize 
that its tangent space is provided with a Lagrange type quadratic form ^^^g. 
In a similar form, we shall write IC/(i)(V") = 101{V^^) if this will be more 
convenient. A vector u G V^^) ^ unity length on the Lagrange quadratic 
form if ^^^g{u,u) = 1, or = E, as an element of corresponding Clifford 
algebra, which follows from (jHE))- We define an endomorphism of : 

0(L) = X{L){u)vu^^ = —uvu = [uv — 2 ^^^g{u, v)) u = u — 2 ^^^g{u, v)u 

where X{l) is the E2 graduation defined by ^^^g. By multiplication, 

which defines the subgroup SOiV^-^) C OiV^-^). Now we can define [011 EH] 

Definition 5.7 The space of complex Lagrange spins is defined by the sub- 
group Spin'^^^^{n) = Spin'^{Vf^^) C ICZ(V^'2))5 determined by the products of 

pairs of vectors w G V^^) "^hen w = Xu where X is a complex number of 
module 1 and u is of unity length in V^]^-^ . 

We note that ker(f)(^L^ = U{1). We can define a homomorphism with 
values in U{1), 

V{L){w) = W2k--WiWi...W2k = Xi...X2k, 

where w = wi...W2k ^ Spin'^iV^-^) and Aj = wf G U{1). 

Definition 5.8 The group of real Lagrange spins Spin'^^^{n) = Spin^V^-^) 
is defined by ker z/(i). 

The complex conjugation on ICliV^-j) is usually defined as Xv = Xv for 
A G IC, f G V^^)- So, any element w G SpiniV^s^) satisfies the conditions 
w*w = w*w = E and w = w. If we take V^^^ = H" provided with a (pseudo) 
Euclidean quadratic form instead of the Lagrange norm, we obtain the usual 
spin-group constructions from the (pseudo) Euclidean geometry. 

5.2.2 Lagrange spinors and d— spinors: Main Result 1 

A usual spinor is a section of a vector bundle S* on a manifold M when an 
irreducible representation of the group Spin{M) = Spin{T*M) is defined on 
the typical fiber. The set of sections T{S) is a irreducible Clifford module. 
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If the base manifold of type M(j^), or is a general N-anholonomic manifold 
V, we have to define the spinors on such spaces as to be adapted to the 
respective N-connection structure. 

In the case when the base space is of even dimension (the geometric 
constructions in in this subsection will be considered for even dimensions 
both for the base and typical fiber spaces), one should consider the so-called 
Morita equivalence (see details in [211 ED] for a such equivalence between 
C{M) and r(IC/(M))). One says that two algebras A and B are Morita- 
equivalent if 

£ ®A ^ — B and ®b ^ — A, 

respectively, for B- and ^-bimodules and B — ^-bimodule £ and A — B- 
bimodule JF. If we study algebras through theirs representations, we also 
have to consider various algebras related by the Morita equivalence. 

Definition 5.9 A Lagrange spinor bundle S(^l) on a manifold M, dimM = 
n, is a complex vector bundle with both defined action of the spin group 
Spin{V(^^) on the typical fiber and an irreducible reprezentation of the group 
Spini^L){M) = Spin{Mi^L)) = Spin{T*M(L)). The set of sections T{S[l)) de- 
fines an irreducible Clifjord-Lagrange module. 

The so-called "d-spinors" have been introduced for the spaces provided 
with N-connection structure 17 ^ ITHj: 

Definition 5.10 A distinguished spinor (d-spinor) bundle S = (5, ^S*) on 
an N-anholonomic manifold V, dimV = n + m, is a complex vector bundle 
with a defined action of the spin d-group Spin V = Spin{V"') © Spin{V"^) 
with the splitting adapted to the N-connection structure which results in an 
irreducible representation Spin{\) = Spin{T*\) . The set of sections r(S) = 
r {S) © r( *S) is an irreducible Clifford d-module. 

The fact that C(V) and r(IC/(V)) are Morita equivalent can be analyzed 
by applying in N-adapted form, both on the base and fiber spaces, the con- 
sequences of the Flymen's theorem (see Theorem 9.3 in Ref. |2n])- This 
is connected with the possibility to distinguish the Spin{n) (or, correspond- 
ingly Spin{M(^L)), Spiniy^) ® Spiniy^)) an antilinear bijection J : S ^ S 
(or J : S(^L) S(L) and J : S ^ S) with the properties: 

J(^/) = (J^)/ for /GC(Af)( or C(M(i)), C(V)); 
J(a^) = x(a)^V^, for a G r°°(E/(M))( or r°°(E/(M(L))), r°°(E/(V)); 
(J0|JV^) = (V'|0)for0,V'e^(or%),S). (41) 
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Definition 5.11 The spin structure on a manifold M (respectively, on M(i), 
or on N-anholonomic manifold V ) with even dimensions for the correspond- 
ing base and typical fiber spaces is defined by a bimodule S (respectively, 
Mi^L), orV) obeying the Morita equivalence C{M) ~T{J2l{M)) (respectively, 
C{M^L)) - r(IC/(M(i))), or C(V) - r(IC/(V))) by a corresponding bijections 
and a fixed orientation on M (respectively, on M(j^) or Vj. 

In brief, we may call M (M(i), or V) as a spin manifold (Lagrange spin 
manifold, or N-anliolonomic spin manifold). If any of the base or typical 
fiber spaces is of odd dimension, we may perform similar constructions by 
considering ICZ"*" instead of IC/. 

The considerations presented in this Section consists the proof of the first 
main Result of this paper (let us conventionally say that it is the 7th one 
after the Resuhs ofelSl 

Theorem 5.1 (Main Result 1) Any regular Lagrangian and/or N-connec- 
tion structure define naturally the fundamental geometric objects and struc- 
tures (such as the Cliff ord-Lagrange module and Clifford d-modules, the La- 
grange spin structure and d-spinors) for the corresponding Lagrange spin 
manifold and/or N-anholonomic spinor (d-spinor) manifold. 

We note that similar results were obtained in Refs. jHHl IZSl |HH1 IHH] for the 
standard Finsler and Lagrange geometries and theirs higher order general- 
izations. In a more restricted form, the idea of Theorem 15.11 can be found in 
Ref. where the first models of noncommutative Finsler geometry and 

related gravity were considered (in a more rough form, for instance, with 
constructions not reflecting the Morita equivalence). 
Finally, in this Section, we can make the 

Conclusion 5.1 Any regular Lagrange and/or N-connection structure (the 
last one being any admissible N-connection in Lagrange-Finsler geometry 
and their generalizations, or induced by any generic off-diagonal and/ or 
nonholonomic frame structure) define certain, corresponding, Clifford-La- 
grange module and/ or Clifford d-module and related Lagrange spinor and/ or 
d-spinor structures. 

It is a bit surprizing that a Lagrangian may define not only the fundamental 
geometric objects of a nonholonomic Lagrange space but also the structure 
of a naturally associated Lagrange spin manifold. The Lagrange mechanics 
and off-diagonal gravitational interactions (in general, with nontrivial torsion 
and nonholonomic constraints) can be completely geometrized on Lagrange 
spin (N-anholonomic) manifolds. 
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6 The Dirac Operator, Nonholonomy, and 
Spectral Triples 

The Dirac operator for a certain class of (non) commutative Finsler spaces 
provided with compatible metric structure was introduced in Ref. [77j fol- 
lowing previous constructions for the Dirac equations on locally anisotropic 
spaces jnni IZ2I IZSl EEl EH] • The aim of this Section is to elucidate the possibil- 
ity of definition of Dirac operators for general N-anholonomic manifolds and 
Lagrange-Finsler spaces. It should be noted that such geometric construc- 
tions depend on the type of linear connections which are used for the complete 
definition of the Dirac operator. They are metric compatible and N-adapted 
if the canonical d-connection is used, see Proposition 13.11 (we can also use 
any its deformation which results in a metric compatible d-connection). The 
constructions can be more sophisticate and nonmetric (with some geometric 
objects not completely defined on the tangent spaces) if the Chern, or the 
Berwald d-connection, is considered, see Example 13.21 

6.1 N— anholonomic Dirac operators 

We introduce the basic definitions and formulas with respect to N-adapted 
frames of type ()1U|) and (fTT|) . Then we shall present the main results in a 
global form. 

6.1.1 Noholonomic vielbeins and spin d— connections 

Let us consider a Hilbert space of finite dimension. For a local dual coordinate 
basis e- = dx- on a manifold M, dimM = n, we may respectively introduce 
certain classes of orthonormalized vielbeins and the N-adapted vielbeins, ^ 

e' = e\ix, y) 4- and e' = e\{x, y) e\ (42) 

where 

9Hx,y) e\_{x,y)e^ j\x,y) = 5'^ and g'-^-{x,y) e\\x,y)e' j\x,y) = g'\x,y). 

We define the the algebra of Dirac's gamma matrices (in brief, h-gamma 
matrices defined by self-adjoints matrices Mfc(I3) where k = 2"'/^ is the 

® (depending both on the base coordinates a; = and some "fiber" coordinates y = y'^, 
the status of depends on what kind of models we shall consider: elongated on TM, for 
a Lagrange space, for a vector bundle, or on a N-anholonomic manifold) 
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dimension of the irreducible representation of IC/(M) for even dimensions, 
or of ICZ(M)"'" for odd dimensions) from the relation 

+ ^i^i = 25"^ E. (43) 

We can consider the action of dx^ e K/(M) on a spinor ip E S via represen- 
tations 

~c{dx^) = Y and ~c{dx^)'4) = Yip = e'-. Yip. (44) 

For any type of spaces T^M, TM, V possessing a local (in any point) or 
global fibered structure and, in general, enabled with a N-connection struc- 
ture, we can introduce similar definitions of the gamma matrices following 
algebraic relations and metric structures on fiber subspaces, 

e» = e\{x, y) and e'^ = e'^^(x, y) (45) 

where 

g^{x,y) e\{x,y)e\{x,y) = 6^' and g^{x,y) e'^^ix,y)e\{x,y) = h^\x,y). 

Similarly, we define the algebra of Dirac's matrices related to typical fibers 
(in brief, v-gamma matrices defined by self-adjoints matrices M^(IC) where 
k' = 2™/^ is the dimension of the irreducible representation of IC/(-F) for even 
dimensions, or of d{F)~^ for odd dimensions, of the typical fiber) from the 
relation 

YY + = 25^^ I. (46) 

The action of dy"- G IC/(F) on a spinor ^ip G *S is considered via represen- 
tations 

*cidy^) = Y and ^cidy") *ip = 7" > = e\ 7" (47) 

We note that additionally to formulas (jiijl and (jTfjl we may write respec- 
tively 

c{dx'-)ip = Y-iP = eK 7V and c{dy^) *iP = 'y^*ip = e% 7" > 

but such operators are not adapted to the N-connection structure. 

A more general gamma matrix calculus with distinguished gamma ma- 
trices (in brief, d-gamma matrices'') can be elaborated for N-anholonomic 
manifolds V provided with d-metric structure g = [g*g] and for d-spinors 
ip = {ip, *ip) G S = (S', *S), see the corresponding Definitions EH EIHl and 

'^in our previous works [^21 [121 [ZHl IHOl EH] we wrote a instead of 7 
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I5.1UI Firstly, we should write in a unified form, related to a d-metric (fTI?|) . 
the formulas ^ and (HKll . 

e" = e\{u) and e° = e\{u) e^, (48) 

where 

g^{u) e\{u)e%{u) = 5^^ and g^{u) e\{u)e%{u) = g"^{u). 
The second step, is to consider d-gamma matrix relations (unifying PHj) and 

(gni)) 

+ ^/3^& = 2S^^ E, (49) 

with the action of du°' E 101 (V) on a d-spinor G S resulting in distin- 
guished irreducible representations (unifying and (HZj)) 

c{du'^) = 7" and c = (du") 7/^ = 7° i^ = e"^ ^/i (50) 

which allows to write 

7°(m)7^(m) + 7^(m)7°(m) = 2^°^(m) E. (51) 

In the canonical representation we can write in irreducible form 7 = 7© *7 
and ip = ® ioT instance, by using block type of h- and v-matrices, or, 
writing alternatively as couples of gamma and/or h- and v-spinor objects 
written in N-adapted form, 

7" = (7\7'^)and^ = (V', »• (52) 

The decomposition ()5H) holds with respect to a N-adapted vielbein fllO|) . We 
also note that for a spinor calculus, the indices of spinor objects should be 
treated as abstract spinorial ones possessing certain reducible, or irreducible, 
properties depending on the space dimension (see details in Refs. jSHl IZ21 
17^1 IH^l IHHj). For simplicity, we shall consider that spinors like ip,ip, *ip 
and all type of gamma objects can be enabled with corresponding spinor 
indices running certain values which are different from the usual coordinate 
space indices. In a "rough" but brief form we can use the same indices 

...,a,b...,a, l3, ... both for d-spinor and d-tensor objects. 

The spin connection V'^ for the Riemannian manifolds is induced by the 
Levi-Civita connection ^F, 

V' = d-^ ^F^^.,7.7^' dx'. (53) 

On N-anholonomic spaces, it is possible to define spin connections which 
are N-adapted by replacing the Levi-Civita connection by any d-connection 
(see Definition 13. Ij) . 
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Definition 6.1 The canonical spin d-connection is defined by the canonical 
d-connection / f^) as 

V« = 5 - ^ f "^^7.7^5^^ (54) 

where the absolute differential 6 acts in N- adapted form resulting in 1-forms 
decomposed with respect to N-elongated differentials like 6u^ = {dx\6y°') 

m- 

We note that the canonical spin d-connection is metric compatible and 
contains nontrivial d-torsion coefficients induced by the N-anholonomy rela- 
tions (see the formulas proved for arbitrary d-connection) . It is possible 
to introduce more general spin d-connections by using the same formula 
()54|1 but for arbitrary metric compatible d-connection F^g^. 

In a particular case, we can define^^for instance, the canonical spin d- 
connections for a local modelling of a TM space on V(„ „) with the canonical 

d-connection T^^p = {L^jk^ ^jk)^ formulas (fTTjl . This allows us to prove (by 
considering d-connection and d-metric structure defined by the fundamental 
Lagrange, or Finsler, functions, we put formulas ^ and (fT^ into (|1Z|)): 

Proposition 6.1 On Lagrange spaces, there is a canonical spin d-connecti- 
on (the canonical spin-Lagrange connection), 

V(^^) = 5-1 (^)r"^^7«7^5«^ (55) 
where 5u^ = {dx\ Sy'^ = dy^ + ^^^N\ dx^). 

We emphasize that even regular Lagrangians of classical mechanics without 
spin particles induce in a canonical (but nonholonomic) form certain classes 
of spin d-connections like 

For the spaces provided with generic off-diagonal metric structure |T6|l (in 
particular, for such Riemannian manifolds) resulting in equivalent N-anholo- 
nomic manifolds, it is possible to prove a result being similar to Proposition 
O 

Remark 6.1 There is a canonical spin d-connection ^54\ l induced by the 
off-diagonal metric coefficients with nontrivial N°- and associated nonholo- 
nomic frames in gravity theories. 

The N-connection structure also states a global h- and v-splitting of spin 
d-connection operators, for instance, 

V(^^) = S-\ ^"^^V^.^a'dx^ - \ ^"^^C^^^al'Sy^. (56) 
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So, any spin d-connection is a d-operator with conventional splitting of ac- 
tion like V(^) = ( -V^^\ '^V^^)), or V^^^) = ( -V^^^\ ^y^^^^). For instance, 

for V^'^^) = ( "V , *V ), the operators "V^'^^^ and ^V^"^-^^ act respec- 
tively on a h-spinor ip as 

-V^^'V = d^'^- dx'l ^'^L^.uia' ^ (57) 

and 

being defined by the canonical d-connection ^Tj\ . 

Remark 6.2 We can consider that the h-operator \57\ ) defines a spin gen- 
eralization of the Chern's d-connection [C'*ern]p7^^ _ i^i^^.^^c^.^ = 0), see 
Example VJ/A which may he introduced as a minimal extension, with Finsler 
structure, of the spin connection defined by the Levi-Civita connection / f33|) 
preserving the torsionless condition. This is an example of nonmetric spin 
connection operator because [C'^ern]p7^^ ^^g^ satisfy the condition of met- 
ric compatibility. 

We can define spin Chern-Finsler structures, considered in the Remark 16.21 
for any point of an N-anholonomic manifold. There are necessary some addi- 
tional assumptions in order to completely define such structures (for instance, 
on the tangent bundle). We can say that this is a deformed nonholonomic 
spin structure derived from a d-spinor one provided with the canonical spin 
d-connection by deforming the canonical d-connection in a manner that the 
horizontal torsion vanishes transforming into a nonmetricity d-tensor. The 
"nonspinor" aspects of such generalizations of the Riemann-Finsler spaces 
and gravity models with nontrivial nonmetricity are analyzed in Refs. |83j . 

6.1.2 Dirac d— operators: Main Result 2 

We consider a vector bundle E on an N-anholonomic manifold M (with two 
compatible N-connections defined as h- and v-splittings of TE and TM)). 
A d-connection 

V : r°°(E) ^ r°°(E) ® ^]l(M) 

preserves by parallelism splitting of the tangent total and base spaces and 
satisfy the Leibniz condition 

V{fa) = f{Va) + 5f®a 
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for any / G C°°(M), and a G r°°(E) and 5 defining an N-adapted exterior 
calculus by using N-elongated operators (fTUI) and (fTTj) which emphasize d- 
forms instead of usual forms on M, with the coefficients taking values in 
E. 

The metricity and Leibniz conditions for V are written respectively 

g(I?X, Y) + g(X, VY) = 5[g(X, Y)] , (58) 
for any X, Y G and 

V{a[3) = V{a)P + aV{P), (59) 

for any a,/? G r°°(E). 

For local computations, we may define the corresponding coefficients of 
the geometric d-objects and write 

where fiber "acute" indices, in their turn, may split d = {i,d) if any N- 
connection structure is defined on TE. For some particular constructions of 
particular interest, we can take E = T*V, = T*V(i) and/or any Clifford d- 
algebra E = IC/(V), IC/(V(l)), ... with a corresponding treating of "acute" 
indices to of d-tensor and/or d-spinor type as well when the d-operator V 
transforms into respective d-connection D and spin d-connections (jK^ . 
V^'^'^-' (|^.... All such, adapted to the N-connections, computations are 
similar for both N-anholonomic (co) vector and spinor bundles. 

The respective actions of the Clifford d-algebra and Clifford-Lagrange 
algebra (see Definitions 15 . 21 and 15 . 2j) can be transformed into maps r°°(S) Cg> 
r(EZ(V)) and r°°(%)) ® r(E/(\/(L))) to r°°(S) and, respectively, T^iS^L)) 
by considering maps of type (ji^ and (jMIj) 

c{ip C?) a) = c(a)?/i and c{ijj a) = c{a)ip. 



Definition 6.2 The Dirac d-operator (Dirac-Lagrange operator) on a spin 
N-anholonomic manifold (V, S, J) (on a Lagrange spin manifold 
{M(^L),S(^L),J)) IS defined 

ID = -z (co V^) (60) 
= ( -ID = -z ( -co -V^), *1D = ( *co *V^)) 

((i)lD = -z(coV(^^))) (61) 
= ( (^)-lD = -t{ -co -V(^^)), (^)^ID = -t{ *co *V(^^))) ). 



40 



Such N-adapted Dime d-operators are called canonical and denoted ID = 
( ~]D, *]D ) ( {L)ID = ( (i)~]D, (L)*ID ) ) if they are defined for the canonical 
d-connection \2f^] ( \21^) and respective spin d-connection \54^ ( \55\l). 

Now we can formulate the 

Theorem 6.1 (Main Result 2) Let (V, S, J) ( iM(^L), S(l), J) be a spin N- 
anholonomic manifold ( spin Lagrange space). There is the canonical Dirac 
d-operator (Dirac-Lagrange operator) defined by the almost Hermitian spin 
d-operator 

: r°°(s) ^ T°°{S)®n\v) 

(spin Lagrange operator 

commuting with J and satisfying the conditions 

(V^Vi 10) +{^ \ V^0) = 6{tP I 0) (62) 

and 

V^(c(a)^) = c(Da)^ + c(a)V^7/i 
for a e 1C/(V) and ^ e r°°(S) 

( (V^^^^^/i 10) + I V(^^)0) = 6{ip I 0) (63) 

and 

V(^^^(c(a)^) = c(Da)^ + c{ai)V^^^^ 

for a G lC/(M(i)) and 'ip E r°°(S'(L) ) determined by the metricity 115^) and 
Leibnitz / f3^) conditions. 

Proof. We sketch the main ideas of such Proofs. There two ways: 

The first one is similar to that given in Ref. [SHI, Theorem 9.8, for the 
Levi-Civita connection, see similar considerations in ^7\. In our case, we 
have to extend the constructions for d-metrics and canonical d-connections 
by applying N-elongated operators for differentials and partial derivatives. 
The formulas have to be distinguished into h- and v-irreducible components. 
We are going to present the related technical details in our further publica- 
tions. 

In other turn, the second way, is to argue a such proof is a straightforward 
consequence of the Result 12.61 stating that any Riemannian manifold can be 
modeled as a N-anholonomic manifold induced by the generic off-diagonal 
metric structure. If the results from [29j hold true for any Riemannian space. 
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the formulas may be rewritten with respect to any local frame system, as well 
with respect to (fTUj) and (fTTj) . Nevertheless, on N-anholonomic manifolds the 
canonical d-connection is not just the Levi-Civita connection but a deforma- 
tion of type (j2Sl): we must verify that such deformations results in N-adapted 
constructions satisfying the metricity and Leibnitz conditions. The existence 
of such configurations was proven from the properties of the canonical d- 
connection completely defined from the d-metric and N-connection coeffi- 
cients. The main difference from the case of the Levi-Civita configuration is 
that we have a nontrivial torsion induced by the frame nonholonomy. But it 
is not a problem to define the Dirac operator with nontrivial torsion if the 
metricity conditions are satisfied. □ 

The canonical Dirac d-operator has very similar properties for spin N- 
anholonomic manifolds and spin Lagrange spaces. Nevertheless, theirs geo- 
metric and physical meaning may be completely different and that why we 
have written the corresponding formulas with different labels and emphasized 
the existing differences. With respect to the Main Result 2, one holds three 
important remarks: 

Remark 6.3 The first type of canonical Dirac d-operators may be associ- 
ated to Riemannian-Cartan (in particular, Riemann) off-diagonal metric 
and nonholonomic frame structures and the second type of canonical Dirac- 
Lagrange operators are completely induced by a regular Lagrange mechanics. 
In both cases, such d-operators are completely determined by the coefficients 
of the corresponding Sasaki type d-metric and the N-connection structure. 

Remark 6.4 The conditions of the Theorem \6. 1\ may be revised for any d- 
connection and induced spin d-connection satisfying the metricity condition. 
But, for such cases, the corresponding Dirac d-operators are not completely 
defined by the d-metric and N-connection structures. We can prescribe cer- 
tain type of torsions of d-connections and, via such 'noncanonical' Dirac 
operators, we are able to define noncommutative geometries with prescribed 
d-torsions. 

Remark 6.5 The properties and hold if and only if the metricity 
conditions are satisfied / f3^) . So, for the Chern or Berwald type d-connections 
which are nonmetric (see Example \y.^ and Remark \6.^ ). the conditions of 
Theorem \6. 1\ do not hold. 

It is a more sophisticate problem to find applications in physics for such 
nonmetric constructions ® but they define positively some examples of non- 
metric d-spinor and noncommutative structures minimally deformed from 

®See Refs. and |80[ 1831 15^ for details on elaborated geometrical and physical 

models being, respectively, locally isotropic and locally anisotropic. 
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the Riemannian (non) commutative geometry to certain Finsler type (non) 
commutative geometries. 



6.2 Distinguished spectral triples 



The geometric information of a spin manifold (in particular, the metric) is 
contained in the Dirac operator. For nonholonomic manifolds, the canoni- 
cal Dirac d-operator has h- and v-irreducible parts related to off-diagonal 
metric terms and nonholonomic frames with associated structure. In a more 
special case, the canonical Dirac-Lagrange operator is defined by a regular 
Lagrangian. So, such Driac d-operators contain more information than the 
usual, holonomic, ones. 

For simplicity, hereafter, we shall formulate the results for the general 
N-anholonomic spaces, by omitting the explicit formulas and proofs for La- 
grange and Finsler spaces, which can be derived by imposing certain con- 
ditions that the N-connection, d-connection and d-metric are just those 
defined canonically by a Lagrangian. We shall only present the Main Result 
and some important Remarks concerning Lagrange mechanics and/or Finsler 
structures. 



Proposition 6.2 // ID 

then 



ID, / 



for all f e C^iy). 



+ 



W), *1D ) is the canonical Dirac d-operator 



D, / = ic{6f), equivalently, 



Proof. It is a straightforward computation following from Definition] 

The canonical Dirac d-operator and its irreversible h- and v-components 
have all the properties of the usual Dirac operators (for instance, they are 
self-adjoint but unbounded). It is possible to define a scalar product on 

r°°(S), 

Jv 

where 

z/g = ^/d^ y/d^ dx\..dx'' dy''+\..dy''^"' 

is the volume d-form on the N-anholonomic manifold V. 

We denote by 



n 



N 



L2(V, S)=[-H = L2(V, -S), *n = L2(V, *5)] 



(65) 
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the Hilbert d-space obtained by completing r°°(S) with the norm defined by 
the scalar product (jMj) . 

Similarly to the holonomic spaces, by using formulas (j6n|l and (jHlJ, one 
may prove that there is a self-adjoint unitary endomorphism T^'^'^^ of Ti-jy, 
called "chirality", being a IZ2 graduation of T^at, ^ which satisfies the condi- 
tion 

B ri"''] = -ri"'^] B. (66) 

We note that the condition ()66|) may be written also for the irreducible 
components ~1D and *1D. 

Definition 6.3 A distinguished canonical spectral triple (canonical spectral 
d-triple) {A,T-Cn, 33) for an algebra A is defined by a Hilbert d-space Hn, a, 
representation of A in the algebra B(H) of d-operators bounded on Hn, and 
by a self-adjoint d-operator ID, of compact resolution,^^ such that [ID, a] G 
BiTi) for any a E A. 

Roughly speaking, every canonical spectral d-triple is defined by two 
usual spectral triples which in our case corresponds to certain h- and v- 
irreducible components induced by the corresponding h- and v-components 
of the Dirac d-operator. For such spectral h(v)-triples we can define the 
notion of KR^-cyc\e {KR^-cyc\e) and consider respective Hochschild com- 
plexes. We note that in order to define a noncommutative geometry the h- 
and V- components of a canonical spectral d-triples must satisfy some well 
defined Conditions [d EHl (Conditions 1-7, enumerated in [SO], section 
II. 4) which states: 1) the spectral dimension, being of order l/{n + m) for a 
Dirac d-operator, and of order 1/n (or 1/m) for its h- (or v)-components; 
2) regularity; 3) finitness; 4) reality; 5) representation of 1st order; 6) ori- 
entability; 7) Poincare duality. Such conditions can be satisfied by any Dirac 
operators and canonical Dirac d-operators (in the last case we have to work 
with d-objects). 

Definition 6.4 A spectral d-triple satisfying the mentioned seven Condi- 
tions for his h- and v-irreversible components is a real one which defines 

^We use the label [cr] in order to avoid misunderstanding with the symbol T used for 
the connections. 

^"An operator D is of compact resolution if for any A G sp{D) the operator {D — AI)"^ 
is compact, see details in 

^^We omit in this paper the details on axiomatics and related proofs for such consider- 
ations: we shall present details and proofs in our further works. Roughly speaking, we are 
in right to do this because the canonical d-connection and the Sasaki type d-metric for 
N-anholonomic spaces satisfy the bulk of properties of the metric and connection on the 
Riemannian space but "slightly" nonholonomically modified). 
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a (dspinor) N-anholonomic noncommutative geometry defined by the data 
{A,'Hn, 33, J, rt'^'^l ) and derived for the Dirac d-operator / f^) . 

For a particular case, when the N-distinguished structures are of Lagrange 
(Finsler) type, we can consider: 

Definition 6.5 A spectral d-triple satisfying the mentioned seven Condi- 
tions for his h- and v-irreversible components is a real one which defines a 
Lagrange, or Finsler, (spinor) noncommutative geometry defined by the data 
{A,'H(sL), (L)ID, J, rl^^^'l ) and derived for the Dirac d-operator ^UT\) . 

In Ref. [ZZj, we used the concept of d-algebra An = { 'A, *A) which we 
introduced as a "couple" of algebras for respective h- and v-irreducible de- 
composition of constructions defined by the N-connection. This is possible if 
^jv = ~A(B *A), but we can consider arbitrary noncommutative associative 
algebras A if the splitting is defined by the Dirac d-operator. 

6.3 Distance in d— spinor spaces: Main Result 3 

We can select N-anholonomic and Lagrange commutative geometries from 
the corresponding Definitions 16.41 and 16.51 if we put respectively A = C°°(V) 
and A = C°°(V(i^)) and consider real spectral d-triples. One holds: 

Theorem 6.2 (Main Result 3) Let {A,Hn, ©, J, T^^'^ ) 
(or (A,'H(sL), (L)ID, J, rt'^'"! )) defines a noncommutative geometry being 
irreducible for A = C°^(V) (or A = C°°(V(l))), where Y (or Vi^l)) is a 
compact, connected and oriented manifold without boundaries, of spectral di- 
mension dim V = + m (or dim V(^l) = n + n ). In this case, there are 
satisfied the conditions: 

1. There is a unique d-metric g(lD) = {g, *g) of type (^B)) on V (or of 
type on V(^l)) with the "nonlinear" geodesic distance defined by 

d{ui,U2) = sup {f{ui,U2)/ II [ID,/] ||< 1} (67) 
/ec(v) 

(we have to consider f G C{V(^l)) and (l)1D if we compute d{ui,U2) 
for Lagrange configurations). 

2. The N-anholonomic manifold Y (or Lagrange space V(l)) is a spin N- 
anholonmic space (or a spin Lagrange manifold) for which the operators 
ID' satisfying g(lD') = g(lD) define an union of affine spaces identi- 
fied by the d-spinor structures on\ (we should consider the operators 
(L)ID' satisfying (^)g( (i)lD') = (^)g( for the space V(^l)))- 
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3. The functional S(W)) = / |]D| " '""'"^ defines a quadratic d-form with 
{n + m) -splitting for every affine spaces which is minimal for ID = ID 
as the Dirac d-operator corresponding to the d-spin structure with the 
minimum proportional to the Einstein-Hilbert action constructed for 
the canonical d-connection with the d-scalar curvature R liS!^) . 

Proof. In this work, we sketch only the idea and the key points of a such 
Proof. The Theorem is a generalization for N-anhoIonomic spaces of a sim- 
ilar one, formulated in Ref. [iZj, with a detailed proof prestented in [29] . 
which seems to be a final almost generally accepted result. There are also 
alternative considerations, with useful details, in Refs. jHSllin]- For the Dirac 
d-operators, we have to start with the Proposition 16.21 and then to repeat 
all constructions from 1^ , both on h- and v-subspaces, in N-adapted 
form. 

The existence of a canonical d-connection structure which is metric com- 
patible and constructed from the coefficients of the d-metric and N-connecti- 
on structure is a crucial result allowing the formulation and proof of the Main 
Results 1-3 of this work. Roughly speaking, if the commutative Riemannian 
geometry can be extracted from a noncommutative geometry, we can also 
generate (in a similar, but tecnically more sophisticate form) Finsler like 
geometries and generalizations. To do this, we have to consider the corre- 
sponding parametrizations of the nonholonomic frame structure, off-diagonal 
metrics and deformations of the linear connection structure, all constructions 
being adapted to the N-connection splitting. If a ffxed d-connection satisfies 
the metricity conditions, the resulting Lagrange-Finsler geometry belongs to 
a class of nonholonomic Riemann-Cartan geometies, which (in their turns) 
are equivalents, related by nonholonomic maps, of Riemannian spaces, see 
|80t IH2] • However, it is not yet clear how to perform a such general proof for 
nonmetric d-connections (of Berwald or Chern type). We shall present the 
technical details of such considerations in our further works. 

Finally, we emphasize that for the Main Result 3 there is the possibil- 
ity to elaborate an alternative proof (like for the Main Result 2) by ver- 
ifying that the basic formulas proved for the Riemannian geometry hold 

^^The integral for the usual Dirac operator related to the Levi-Civita connection D is 
computed: / = 2Wn']n Wres\D\~'^^'^ , where f2„ is the integral of the volume on 

the sphere S*" and Wres is the Wodzicki residu, see details in Theorem 7.5 On N- 
anholonomic manifolds, we may consider similar definitions and computations but applying 
N-elongated partial derivatives and differentials. 
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true on N-anholonomic manifolds by a corresponding substitution of the 
N-elongated differentil and partiale derivatives operators acting on canoni- 
cal d-connections and d-metrics. All such constructions are elaborated in 
N-adapted form by preserving the respective h- and v-irreducible decompo- 
sitions. □ 

Finally, we can formulate three important conclusions: 

Conclusion 6.1 The formula (|6'7| ) defines the distance in a manner as to 
be satisfied all necessary properties (finitenes, positivity conditions, ...) dis- 
cussed in details in Ref. 129^ . It allows to generalize the constructions for 
discrete spaces with anisotropics and to consider anisotropic fluctuations of 
noncommutative geometries 150^ f5i]/ ( of Finsler type, and more general ones, 
we omit such constructions in this work). For the nonholonomic configura- 
tions we have to work with canonical d-connection and d-metric structures. 

Following the N-connection formalism originally elaborated in the framework 
of Finsler geometry, we may state: 

Conclusion 6.2 In the particular case of the canonical N-connection, d- 
connection and d-metrics defined by a regular Lagrangian, it is possible a 
noncommutative geometrization of Lagrange mechanics related to correspond- 
ing classes of noncommutative Lagrange-Finsler geometry. 

Such geometric methods have a number of applications in modern gravity: 

Conclusion 6.3 By anholonomic frame transforms, we can generate non- 
commutative Riemann-Cartan and Lagrange-Finsler spaces, in particular ex- 
act solutions of the Einstein equations with noncommutative variables , by 
considering N-anholonomic deformations of the Dirac operator. 
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